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Abstract. In this paper, it is proved that the higher dimensional Hardy op- 
erator is bounded from Hardy space to Lebesgue space. The endpoint estimate 
for the commutator generated by Hardy operator and (central) BMO function 
is also discussed. 



1. Introduction 

Let / be in LP{M}), and the one-dimensional Hardy operator H be defined by 

Hf{x) = - / fit)dt, 
X Jo 

A celebrated Hardy integral inequality [7] can be formulated as 

where 1 < p < oo and the constant is the best possible. In 1995, Christ and 
Grafakos in [1] gave its n-dimensional equivalent version, "H, defined by 



nf)ix) = ^-^ [ fiy)dy, xeR"\{0}, 

l\y\<\x\ 



Vn\x\" 



where f„ is the volume of the unit ball in R" and they also proved that 

P 

||^||lp(R")->lp(B") = ^^TTY' 1 < P < oo- 
In what follows, we will work on M". We pose the first question as follows. 
Question 1. Is H bounded on L\W")? 

In fact, it doesn't hold if we take f{x) — \x\°'xb{o.b.){\x\), oi > —n. Here and in 
what follows, denote by B{x^ R) the ball centered at x with radius R > 0, \B{x, R)\ 
the Lebesgue measure of B{x,R) and fB{x,R.) = \ b{x,b^) \ Ib{x,r.) fiv)dy- 

The weak L^(M") is defined as the set of all measurable functions / such that 

= supA|{x e M" : > A}| 

A>0 

is finite. As we know, the weak spaces are larger than the usual spaces. More 
recently, we [14] got 
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Proposition 1.1. H maps from L^(M") to L^'°°(K") with the sharp bound 1. 

Definition 1.2. [10] A function a G is called a (1, oo, 0)-atom, if it satisfies 
the following conditions: (1) supp(a) C B{xo,r); (2) ||a||oo < \B{xo,r)\~^; (3) 
J a{x)dx = 0. 

As a proper subspace of V- , the atomic Hardy space is defined by 

H' = lf€ (M") : fix) ^ Afeafc(x), and ^ lAfe^ < I , 

I k k ) 

each ttfc is a (1, oo, 0)-atom, and / is a tempered distribution. Setting norm of 
/by 

OO 

11/11^1 :=inf5^|Afc|. 

fe 

where the infimum is taken over all the decompositions of / = A^afe as above. 
Corresponding to Question 1, we naturally ask 

Question 2. Is H bounded on H'^{W^)7 

Motivated by the counterexample in [6], we take 

for \x\ < 1, 
b{x) = { 1, for 1< |a;| < 2, 



Then 




other. 

for \x\ < 1, 

n{b){x) = { 1- 2"|a;|-", for 1< |a;| < 2, 

other. 

Obviously, b is an atom of H^, however, J T-L{b)(x)dx = — n2"ln2 ^ 0, therefore 
^ifi(M"). 

Since H is not bounded on or H^, a natural question is: does H map to 

L^? The answer is confirmed. It is just one of our main results in this paper. Our 
proof is based on the atomic decomposition and certain beautiful and elegant ideas. 
Finally, we will discuss the endpoint estimate for the commutators generated by 
Hardy operators and (central) BMO functions. 

Throughout this paper, A ~ denotes A is equivalent to B, that means there 
exist two positive constants ci and C2 such that ciA < B < C2A. For 1 < p,p' < 00, 
p and p' are conjugate indices, that is, 1/p' = 1. Formally, we will also define 

p = 1 as conjugate to p' = 00 and vice versa. 



2. Endpoint estimates for n-DiMENSiONAL Hardy operators 
Theorem 2.1. H maps from H^{W) to i^(M"). 

Proof. Assume a is an atom of and satisfies the following conditions: (i) 

supp(a) C B(xQ,r), (ii)||a||oo < \B{xo,r)\~^ and (iii)/ a{x)dx = 0. We now take 
a{x) = a{x + xo)- Then a satisfies: (i) supp(a) C B{0,r); (ii)||a||oo < \B{0,r)\~^ 
and (iii) J a{x)dx = 0. 
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It is enough to prove that / \'Hd{x)\dx < C, where C is independent of d. Sup- 
pose that suppa C .8(0, r) for r > 0. 



/ Vn\'H{d){x)\da 







/ 

/B(0,2r) 




/ 




1 B{0,2r) 


W l{ 



d{y)dy 



dx 



'{|i/|<|a;|}nB(0,r) 



d{y)dy 



^\B{0,2r) 

dx 



\v\<\A 



d{y)dy 



dx 



+ / 7~n^ / (i{y)dy 

Js.''\B{0,2r) Fl" J{|i/|<|a:|}nB(0,r) 



dx 



h+h. 



In the last two estimates we used that suppa C B(0,r). For 7i, we have the 
following estimate 



h < 



< 



I TH^ I \a{y)\dydx 

JB(0,2r) Fl J{|3/|<|x|}nS(0,r) 

/ 7~i~i — 7~ — \7 / dydx 



1 



Vnlxl' 



dx 



\B{0,r)\ JB(0,2r) 

For 72, since x G lR"\B(0,2r), we have {|y| < |a;|} n B{0,r) = B{0,r). Then 



!/|<|a;|}nB(0,r) 



Jm«\B{0,2r) kl" J{\y 
JM''\B(0,2r) Fl JB(0,r) 



d{y)dy 



dx 



dx 



0. 



□ 



Remark 2.2. If we divide M" into two parts: B{cor) := B{0,cor) and M."\B{cor). 
Here cq > 0. Repeated the previous argument leads to for cq > 1 

h < clSvn, h = 0. 

But for < Co < 1, we have 

h < cq^v„, h = 00. 

Therefore, we can obtain that the supremum whose the Hardy operator maps from 
to is 1 when co = 1. 

Let Xk = XCk, Ck = Bk\Bk-i, and Bk = {x : \x\ < 2'=}. Let 1 < p < oo. The 
Herz space Kp is expressed as the intersection of the corresponding weighted 
spaces. In [4], [12] the space Kp is endowed with the expression 

||/|k^:=^2'="/f'||/xfeL<^. 
feez 
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Definition 2.3. Let 1 < p < oo. A function a on M" is said to be a central 
(l,p)-atom if (1) supp(a) C B(0,r); (2) ||a||p < |B(0,r)|Vp-i; (3) / a{x)dx = 0. 

Lemma 2.4. [12] Let f e L^{W) andl < p < oc. Then f G HKp{W) if and 
only if f can be represented as 

i 

each aj is a central {l,p)-atom and J2j < oo- Moreover, 

||/||HK,~inf|5^|Ai||, 

where the infimum is taken over all decompositions of f as above. 

In fact, HKp is the localization of Hi at the origin. It is easy to see that the 
relation between HKp and Kp is similar to one between H^ and L^. Thus we have 

Theorem 2.5. Let 1< p < oo. Then U maps from HKp{W") to Kp{W"). 

To prove this theorem, we need the following proposition from [12]. 

Proposition 2.6. Let r > 0. Then 

ll/(r-)lk.~r--"||/|k,. 

Proof of Theorem 2.5. By Lemma 2.4, it is easy to see that the proof of Theorem 
2.5 is reduced to show that for any central(l,p)-atom a, 

\ma)\\K,<C, 

where C is independent of a. Let suppa C B{0,r). If we write a{x) = r^a{rx), 
then a(a;) is a central (l,p)-atom supporting on unit ball B(0, 1). Substituting 
y = rz, dy = r"'dz, we have 



H{a){rx) = ] f a(y)dy 

VnirX] J\y\<\rx\ 



= r " — [ a{zr)r"'dz 

Vn\xr J\z\<\x\ 

= r-"W(a)(a;). 

By Proposition 2.6, we obtain 

\ma)\\K^^\\n{^)\\K,. 

Therefore, it sufhces to show 

where C is independent of a. 

By the definition of Kp, we write 

feez 

k<l k>l 

:= Ji + J2. 
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LP(R")-boundedness of n-dimensional Hardy operator leads to, 



2"/p' 



^ fc<l ^ k<l 

For fc > 1, and |a;| > 2*="^ > 1, it follows from {y : \y\ < \x\} D {y : \y\ < 1} that 

p 

ll^(a)xfell^ = / [ <y)dy dx = o, 

where the last equality we used that Jg^g a(y)dj/ = 0. □ 

3. ENDPOINT estimates for COMMUTATORS OF N-DIMENSIONAL HARDY 

OPERATORS 

In [8], John and Nirenberg introduced the space BMO. Define 
BMO(M") = {/ : ||/||bmo(M") < oo}, 

where 

||/||bmo(R") = sup — / \f{x) - fsldx. 

B \t5\ Jb 

If one regards two functions whose difference is a constant as one, then the 
space BMO is a Banach space with respect to norm || ■ ||bmo(K")- John-Nirenberg 
inequality implies 



BMO( 



sup 

SCR" 



1 

181 



\b-bB\ 



i/p 



where 1 < p < oo. An important fact is that the dual of is the space BMO (cf. 
[15]). 

Definition 3.1. [3], [2] Let 6 be a locally integrable function on M". The commu- 
tators of n-dimensional Hardy operators are defined by 

[b,H] = bnf-'H{fb). 

In general, when symbols b are in BMO(R"), the properties of commutators are 
worse than those of the operators themselves (for example the singularity, [13]). 
Therefore, we imagine [b, H] is not bounded from iJ^(K") to L^(R"). Furthermore, 
we conclude that the commutator maps form if^(M"') to weak L^(R"). 

Proposition 3.2. If 6 e BMO(M"), then [b,^.] is not bounded from H^{W) to 

Li(]R"). 

Proof. We give the proof only for the case n = 1. Take b{x) = X(2,oo){x) and 
fo{x) = X{o,2){x) — X{-2,o){x)- Then for x > 3, we have the following estimate 



\[b,H]f{x)\ 



— I {b{x)-b{y))h{y)dy 



So we get 



L 



= - ( (l-O)xldy 
X Jo 

\[b,H]f{x)\dx> I -dx = oo 



2 

X 



□ 
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Wc state an interesting result for [6, H] in what follows. 
Theorem 3.3. Let b e BMO(IR")- Then [b,H] maps H^{W) to 
Proof. Similar to the proof of Theorem 2.1, it is enough to prove that 

A|{a; G : \[b,H]{a){x)\ > X}\ < C\\b\\ 
where C is independent of a. Suppose that supp a C B{0, r) for r > 0. 

[b,n]{a){x) = [ ~a{y){b{x)-b{y))dy 

a{y){b{x) - bB(o,r))dy 



UnM"- y{|y|<|a;|}nB(0,r) 



+ 



-T-T^ [ a{y){bB(o,r) - b{y))dydx 

'n\X\ ./{|j/|<|x|}nB(0,r) 



:= L1 + L2. 

In the last two estimates we used that supp a C B{0,r). 

So we have 

|{a; e K" : \[b,H]{a){x)\ > X}\ < \{x € K" : > A/2}| + \{x € M" : IL2I > A/2}|. 
And 

^|{a;GM" : |Li| > A/2}| < / \Li\dx 

= / \b{x) - bB{o,r)\\'^{a){x)\dx 

JB(0,r) 

+ / \b{x)-bB(0,r)\\n{h){x)\dx 
JW\B{0,r) 

'■= Lii + L12. 

Since "H is bounded on L^iW^) for all 1 < p < 00, together with Holder's 
inequality, we obtain 

1/2 / N 1/2 



Ln < { I \b{x)-bBio,r)\''dx] (/ \n{d){x)fdx 

\JB(0,r) ) \JB{0,r) 

< \b{x)-bBio,r)\''dx\ ( f \d{x)\''dx 

\JB(0,r) J \JB{0,r) 

/ \b{x) -bB(o,r)\'^dx] 

\JB(0,r) J 



|S(0,r)| 

< C||&||bmo, 

where we used the condition (ii) of a. 

If a; e R"\B(0,r), then {y : \y\ < \x\} D {y : \y\ < r} = {y : \y\ < r}. Using 
/ d{y)dy = and supp a = B{Q, r), we arrive at 



<Jn\X\ J\y\<r 



and hence L\2 = 
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We next estimate the term |{a; G M" : IL2I > A/2}| which is divided into two 
parts: |{a; G B{0,r) : \L2\ > A/2}| and G M"\B(0,r) : IL2I > A/2}|. And 



h{xeB{0,r) : IL2I > A/2}| < / \L 

JB(0,r) 



\dx 



1 



'B(0,r) 

:= L21- 
Using Holder's inequality, we get 



Un|a;|" J{|j/|<|x|}nB(0,r) 



B(0,r) 

aiy){bB{o,r) - Ky))dy 

1/2 



dx 



L21 < 



< 



(\ 1/2 / \ 1/2 

/ \{bBio,r)-b{y))\'dy] if \~a{y)\'dy] dx 
JB(0,r) J V"'l?'l<l^l / 



JB(0,r) ^^nkl" 



1 \B(\x\)\^/^ 



1 



1/2 



^o,r) Unm - |S(0,r)|V2 Ui?(0,r)| . 

'-8(0,1-; 

< C||b||BMO. 

For the last term, we have 



\{bB{o,r) -b{y))\'^dy] dx 



|{a;GM"\S(0,r) : jLa] > A/2}| 

x€W:r<\x\<l^ f \b{y) - 6B(o,r) | \a{y)\ dy 

\Vn^J\y\<r ) 



1/n ' 



< 



/|a|<r|K?/)-bB(0,r)||a(!/)|ci!/) 



T / Ik?/) -^s(o,r)| \a{y)\<iy. 

A J|l/|<r 



By Holder's inequality and the size estimate for a, the above integral is bounded 
by 

(/ \{bBio,r)~b{y))\^dy\ If \d{y)fdy] dx 

\J\y\<r J \J\v\<r J 

< C'II^IIbmo- 

Summing the estimates, we complete the proof. □ 

Some comments are further put forward in the following part. In [11], Lu and 
Yang introduced the definition of central BMO space as follows. 

Definition 3.4. Let 1 < g < 00. A function / G L^Qg(M") is said to belong to the 
space CBMO«(M") (central BMO space), if 



sup 



1/9 



where 



>0 I |5(0,r)| jB(0,r) 



\f{x)-fB\''dx 



lIcBMOifR" < 00, 



\mr)\JBiO,r 



r) 



f{x)dx. 
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From the example of p. 326 in [9], it is easy to see that BMO(M") is a proper 
subset of CBMO«(M"), where 1 < g < oo. The space CBMO«(M") can be regarded 
as a local version of BM0(1R") at the origin. The dual of HKp is CBMO^"', 1 < 
p < 00 (cf. [4]). 

The same proof of Theorem 3.3 remains valid for b e CBMO''(M"), 1< g < oo. 

Proposition 3.5. Let 1< g < oo and 6 G CBMO«(K"). Then [b,H] maps H^{W) 
to Li'°°(M"). 
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